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A B S T R A C T   

It is well known that the Poisson’s ratios for 3D isotropic elastic materials vary from -1 to +1/2. 
These results provide reference points for comparing the Poisson’s ratios of anisotropic elastic 
materials. Sheet crystals (SCs) with remarkably anisotropic structures, in which sheet planes do 
not intersect, have recently attracted major fundamental and practical interest, while the bounds 
on the in-plane Poisson’s ratios and linear and area compressibilities have not been generically 
established. Based on the theory of elasticity, we here predict the fundamental bounds on the in- 
plane Poisson’s ratios and linear and area compressibilities for SCs of any crystal system. These 
predictions are well supported by a data-driven investigation of numerically generated elastic 
tensors, elastic tensors from first principles calculations for both 2D and 3D SCs, and experi-
mentally measured elastic tensors for 3D SCs. Based on these findings, the range of 2D and 3D SC 
materials that increase density or planar area or maintain constant density or planar area when 
stretched, and increase a dimension or planar area when hydrostatically compressed is estab-
lished for special applications. This work provides fundamental insights and guidelines for the 
discovery, understanding, and applications of SCs having these properties in tensile strain and 
hydrostatic pressure environments.   

1. Introduction 

The Poisson’s ratio of an elastic material is the negative ratio of transverse strain to applied axial strain. This Poisson’s ratio is a 
fundamental metric for elastic behavior, as well as a key factor for mechanically-induced density changes and other properties, like the 
toughness of solids (Greaves et al., 2011; Huang and Chen, 2016; Shivers et al., 2020). The Poisson’s ratios of many common materials, 
such as isotropic polycrystalline metals, polymers and ceramics, are between 0 and 1/2, while some materials can have a negative 
Poisson’s ratio. Such materials with a negative Poisson’s ratio are called ‘auxetic’ (Evans et al., 1991). A host of auxetic materials are 
well known, such as polymeric foams (Lakes, 1987), cellular structures (Choi and Lakes, 1992), hinged frameworks (Lakes, 1993), 
origami structures (Pratapa et al., 2019; Schenk and Guest, 2013; Wei et al., 2013), carbon nanotube sheets (Hall et al., 2008), gra-
phene sheets (Gao et al., 2018b; Wen et al., 2019), and metallic sheets (Taylor et al., 2014). These materials are interesting for a wide 
range of applications, such as enhancing indentation resistance, toughness, and shear resistance (Greaves et al., 2011). 

The Poisson’s ratios for three-dimensional (3D) isotropic elastic materials are well known to vary from the lower bound of − 1 to the 
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upper bound of 1/2. This constraint arises from the requirement that their elastic moduli are positive. Also, it is well-known that the 
upper bound on the Poisson’s ratio for the 2D case of 3D isotropic materials, where only in-plane strains are considered, is 1 
(Muskhelishvili, 1953; Thorpe and Jasiuk, 1992), which is for an incompressible material. In contrast to isotropic materials, 3D 
anisotropic materials can have extended bounds on the Poisson’s ratios, which depend on the symmetry of the structure (Boulanger 
and Hayes, 1998; Lempriere, 1968; Ting, 2004; Ting and Barnett, 2005; Ting and Chen, 2005). Remarkably, Ting and Chen (2005) 
have proven that the Poisson’s ratios for anisotropic elastic materials are unbounded, i.e. can have arbitrarily large positive or negative 
values. The well-established bounds on the Poisson’s ratios for 3D crystals of different symmetries provide guidelines for the design and 
fabrication of crystals having a wide range of Poisson’s ratios. Sheet crystals (SCs) having non-intersecting sheets have recently become 
a great interest (Geim and Novoselov, 2007; Gogotsi and Anasori, 2019), especially their in-plane mechanical properties. Because of 
the crystal symmetry and the anisotropic nature of bonding, SCs have restrictions on the obtainable properties, such as in-plane 
Poisson’s ratios and linear and area compressibilities. 

The large family of presently investigated SCs includes some very important crystals, such as biological β-sheet crystals in proteins 
and crystals that can be exfoliated into two-dimensional (2D) sheets (Gao et al., 2018a; Yang et al., 2018). SCs can have negative 
in-plane Poisson’s ratios, and some can have negative in-plane linear or area compressibilities. A negative in-plane linear 
compressibility means that a hydrostatic pressure causes an increase of an in-plane linear dimension of the SC, and a negative in-plane 
area compressibility means that a hydrostatic pressure causes an increase of the area in the SC plane. Inversely, the application of a 
uniaxial tensile stress in a direction of negative linear compressibility causes a decrease of volume. Also, the application of an equi-
biaxial tensile stress to a plane having a negative area compressibility causes a volume decrease. These mechanical properties are 
especially important for interfacial engineering in composites and predicting the effects of strains on properties (Greaves et al., 2011; 
Hall et al., 2008; Wen et al., 2019). 

The in-plane Poisson’s ratios (ν12, the negative ratio of the in-plane lateral strain in direction 2 to the in-plane tensile strain in 
direction 1 that produces this lateral strain) of SCs have been extensively investigated, especially for SCs having negative Poisson’s 
ratios (Gibson and Ashby, 1999; Gibson et al., 1982; Grima et al., 2018, 2015; Jiang et al., 2016; Jiang and Park, 2014; Jiang et al., 
2016; Wan et al., 2017); (Gao, Liu and Tomanek, 2018b). As early pioneers, Gibson et al. (Gibson and Ashby, 1999; Gibson et al., 1982) 
theoretically derived the effective elastic constants of 2D honeycombs, and investigated the mechanical properties of honeycomb 
structures under compression-tension and shearing loads, including negative Poisson’s ratios. Bowick et al. (2001) reported that a 
negative Poisson’s ratio is a universal property of self-avoiding fixed-connectivity membranes. Additionally, considerable effort has 
been devoted to the study of negative Poisson’s ratios in graphene (Grima et al., 2018, 2015; Jiang et al., 2016; Jiang and Park, 2016; 
Qin et al., 2017), graphene-related materials (Wen et al., 2019), and origami based metamaterials (Eidini and Paulino, 2015; Lv et al., 
2014; Pratapa et al., 2019; Schenk and Guest, 2013; Yasuda and Yang, 2015). The elastic responses of hexagonal SCs are isotropic 
within the plane because of the in-plane rotational symmetry (Nye, 1957). For example, the hexagonal sheet structures of the Mo2C 
MXene (Mortazavi et al., 2017), graphene (Gao et al., 2018a), MoS2 (Gao et al., 2018a), β-graphyne (Puigdollers et al., 2016), and 
α-graphyne (Puigdollers, Alonso and Gamallo, 2016) have isotropic ν12 values of − 0.15, 0.15, 0.30, 0.67, and 0.87, respectively. In 
addition, Grima and co-workers (Grima et al., 2015) found that graphene can be converted into a wrinkled sheet structure by randomly 
removing carbons, which enables the tuning of the in-plane Poisson’s ratio. If atomic defects are distributed in special arrangements, 
graphene sheets can exhibit large negative in-plane Poisson’s ratios (Grima et al., 2018). Wan et al. (2017) reported that the in-plane 
Poisson’s ratios of individual graphene oxide sheets can be changed by modifying its degree of oxidation, thereby providing a negative 
in-plane Poisson’s ratio of − 0.57 for fully oxidized graphene. Qin et al. (2017) found that the Poisson’s ratio of rippled graphene 
decreases upon increasing the ratio between ripple amplitude over wavelength, and a negative Poisson’s ratio of − 0.38 was observed. 
These and other publications indicate that negative in-plane Poisson’s ratios can be produced for 2D SCs by either introducing 
appropriate defects or exploiting thermally or mechanically induced ripples. By considering a wide range of force constants for bond 
stretching, angle bending, and coupling coefficients, Jiang et al. (2016) reported that graphene has an intrinsic negative in-plane 
Poisson’s ratio for certain combinations of these coupling coefficients. In addition to negative Poisson’s ratios, unusually large pos-
itive in-plane Poisson’s ratios have been reported for SCs. For example, in-plane Poisson’s ratios of 0.87 and 0.67 were predicted by 
first principles calculations for α-graphyne and β-graphyne, respectively (Puigdollers, Alonso and Gamallo, 2016). Moreover, as re-
ported in computational 2D materials database (C2DB, https://cmr.fysik.dtu.dk/) (Haastrup et al., 2018) and the materials project 
database (MPDB, https://materialsproject.org/) (de Jong et al., 2015), some 2D and 3D SCs have in-plane Poisson’s ratios larger than 
1. Hence, the reported in-plane Poisson’s ratio for SCs can be negative, zero, positive, which is significantly beyond the bounds for 2D 
and 3D isotropic materials. 

The in-plane hydrostatic linear compressibilities and area compressibilities of SCs, which are closely related with the in-plane 
Poisson’s ratios, can result in fascinating properties. For example, a negative in-plane linear compressibility implies that stretching 
the crystal along the direction of a negative in-plane linear compressibility causes the crystal density to increase (i.e., the crystal is 
stretch densified) (Baughman et al., 1998). Also, negative in-plane area compressibilities can result that an equibiaxial stretch to a 
plane having a negative area compressibility causes a volume decrease. Uniaxial stretch or biaxial stretch mean the application of 
uniaxial elongation or biaxial elongation in the applied stress direction or directions, respectively. In other directions, materials can 
freely deform as described by the elastic tensor. Hence, a material that is uniaxially or biaxially stretched can undergo dimensional 
changes in the other directions. These fascinating properties can be useful for many important sensors and high pressure applications 
(Baughman et al., 1998). However, the bounds of the in-plane Poisson’s ratios and the linear and area compressibilities for SCs have 
not been established, which limits thinking for the design, fabrication, and application of SCs. 

The present goal is to establish the bounds on the in-plane Poisson’s ratios and linear and area compressibilities for SCs. First, based 
on the theory of elasticity, we predict the bounds on the in-plane Poisson’s ratios and the in-plane linear and area compressibilities for 
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crystal systems compatible with SCs having non-intersecting sheet planes. These include triclinic, monoclinic, orthorhombic, 
tetragonal, trigonal, and hexagonal SCs. The predictions show that as the in-plane symmetry of SCs increases, the permitted bounds on 
the in-plane Poisson’s ratios and linear and area compressibilities for SCs become narrow. Afterwards, we did a data-driven investi-
gation of numerically generated elastic tensors, elastic tensors derived from first principles calculations, and experimentally measured 
elastic tensors to evaluate the bounds on the in-plane Poisson’s ratios and linear and area compressibilities for SCs, all of which support 
the predictions. 

2. Results and discussion 

2.1. Theoretical prediction 

For a Cartesian system xi (i = 1, 2, 3), the mechanical behavior of an elastic solid can be described by the generalized Hooke’s law σ 
= Cε, where σ = [σ11, σ22, σ33, σ23, σ13, σ12]

Tand ε = [ε11, ε22, ε33, 2ε23,2ε13, 2ε12]
T are the stress and strain vectors, respectively, and C 

is the stiffness matrix. The strain energy density of the solid is given by W = 1 /2σTε = 1 /2σTSσ, where S = C− 1 is the compliance 
matrix. The strain energy density, as the sum of work done by all stress components, must be positive. Therefore, the compliance 
matrix (or stiffness matrix) should be positive-definite, which requires all principal minors or eigenvalues to be positive: 

s11 > 0,
⃒
⃒
⃒
⃒
s11 s12
s12 s22

⃒
⃒
⃒
⃒ > 0, and

⃒
⃒
⃒
⃒
⃒
⃒

s11 s12 s13
s12 s22 s23
s13 s23 s33

⃒
⃒
⃒
⃒
⃒
⃒
> 0 (1)  

where sii = 1 /Ei and sij = − νij/Ei = − νji/Ej (i, j = 1,2,3, and i ∕= j). Here Ei denotes the Young’s modulus in the xi-direction and νij is 
the Poisson’s ratio. Substituting these notations into Eq. (1) leads to 

ν12ν21 < 1, (2)  

and 

ν12ν21 + ν13ν31 + ν23ν32 + 2ν21ν32ν13 < 1, (3)  

where the indices 1 and 2 are for orthogonal in-plane directions and the index 3 is for an orthogonal perpendicular direction (Fig. 1). 
Any elastic solid must satisfy the above conditions. Furthermore, we consider a hydrostatic pressure applied to the elastic solid. The 

corresponding linear compressibility in the x1-direction and the area compressibility in the x1 − x2 plane are βL = s11 + s12 + s13 and 
βA = s11 + 2s12 + s13 + s22 + s23, respectively. A negative linear compressibility and a negative area compressibility (βL < 0 and βA < 0) 
means, respectively, that: 

ν12 + ν13 > 1 (4)  

2ν12 + ν13 > 1 +
E1

E2
(1 − ν23). (5) 

Materials satisfying Eq. (4) and Eq. (5), respectively, will have a negative linear compressibility in the x1-direction, and a negative 
area compressibility in the x1 − x2 plane. 

Fig. 1. Illustration of coordinate system rotation along the x3-axis by an arbitrary angle θ, and the original and new coordinate systems denoted by 
x1 − x2 − x3 and x1 − x2 − x3, respectively. 
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Using Eqs. (2)–(5), the general bounds on the in-plane Poisson’s ratios and the in-plane negative linear and area compressibilities 
are obtained. The symmetry restrictions on compliance matrices for SCs in different crystal systems place additional bounds on the in- 
plane Poisson’s ratios and the linear and area compressibilities. For these discussions, the x1 − x2 plane is the in-sheet-plane of the SCs, 
while the x3-direction is the out-of-plane direction (Fig. 1). 

(1) Tetragonal, trigonal, and hexagonal crystals 
For tetragonal, trigonal, and hexagonal crystals, s11 = s22 and s13 = s23. To investigate the bounds on the in-plane Poisson’s ratio 

for an arbitrary orientation, we rotate the coordinate system along the x3-axis by an arbitrary angle of θ, resulting in a new coordinate 
system denoted by x1, x2, and x3 in Fig. 1. The compliance matrix in the rotated coordinate system can be derived from the reference 
compliance matrix using S = RSRT, where R is the rotation matrix defined by 

R =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

cos2θ sin2θ 0 0 0 sinθcosθ
sin2θ cos2θ 0 0 0 − sinθcosθ

0 0 1 0 0 0
0 0 0 cosθ − sinθ 0
0 0 0 sinθ cosθ 0

− 2sinθcosθ 2sinθcosθ 0 0 0 cos2θ − sin2θ

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (6) 

The intrinsic symmetry of the compliance tensor for any material leads to s12 = s21, s13 = s31, and s23 = s32. In tetragonal, trigonal, 
and hexagonal crystals, the components of the rotated compliance tensor have the additional symmetry-related properties, which are 
that s11 = s22 and s13 = s23. Given that s11 = 1 /E1, s22 = 1 /E2, s12 = − ν21 /E2, and s21 = − ν12 /E1, we can obtain that E1 = E2 and ν12 

= ν21. Also given that s13 = − ν31 /E3, s31 = − ν13 /E1, s23 = − ν32 /E3, and s32 = − ν23 /E2, we have ν13 = ν23 and ν31 = ν32. Eqs. (2) 
and (3) that define the general bounds on the Poisson’s ratios in any elastic solid consists of two conditions. Substituting the above- 
derived ν12 = ν21 into Eq. (2) results in the first limit on the in-plane Poisson’s ratios for tetragonal, trigonal, and hexagonal crystals, 

− 1 < ν12 < 1. (7) 

Then, substituting above-derived ν12 = ν21, ν13 = ν23, and ν31 = ν32 into Eq. (3), we obtain the second limit on the in-plane 
Poisson’s ratios, 

ν2
12 + 2ν12ν2

13
E3

E1
+ 2ν2

13
E3

E1
− 1 < 0, (8)  

which can be rewritten into the following form, 

(
ν12 + 1

)
⎛

⎝ν12 − 1+ 2ν2
13

E3

E1

⎞

⎠
〈
0. (9) 

Given that Eq. (7) must be satisfied in any tetragonal, trigonal, or hexagonal crystal, it implies that ν12 + 1 > 0. Thus the above 
inequality can be simplified to 

ν12 < 1 − 2ν2
13

E3

E1
. (10) 

Therefore, Eqs. (7) and (10) define the bounds on the in-plane Poisson’s ratios of tetragonal, trigonal, and hexagonal crystals for 
arbitrary stretch directions. 

Hence, the maximum and minimum in-plane Poisson’s ratios must satisfy − 1 < νmin ≤ νmax < 1. Specifically, trigonal and hex-
agonal crystals provide in-plane isotropy, so that s11 = s11 and s12 = s12. This means that the in-plane Poisson’s ratios for arbitrary 
stretch directions within the sheet plane are equal, and result in − 1 < νmin = νmax < 1. 

Considering the properties of compliance tensors in tetragonal, trigonal, and hexagonal crystals, to obtain a negative linear 
compressibility or area compressibility, according to Eqs. (4) and (5), the in-plane and out-of-plane Poisson’s ratios should satisfy ν12 
+ ν13 > 1. Specifically, the linear compressibility in an arbitrary in-plane direction of x1 and the area compressibility of an arbitrary x1 

Table 1 
Theoretical bounds on the in-plane Poisson’s ratios and the in-plane linear and area compressibilities of SCs in different crystal systems (The 2D case 
can be seen in Table 2).  

Crystal system General bounds on the Poisson’s ratio Bounds on the in-plane Poisson’s ratios Bounds on the in-plane linear and area compressibilities 

Hexagonal 
Trigonal 

− 1 < ν12 < 1, 
ν12 < 1 − 2ν2

13E3 /E1  

− 1 < νmin = νmax < 1  βA = 2βL > − 1/(4E3), β
max
L = βmin

L  

Tetragonal − 1 < ν12 < 1, 
ν12 < 1 − 2ν2

13E3 /E1  

− 1 < νmin ≤ νmax < 1  βA = 2βL > − 1/(4E3), β
max
L = βmin

L  

Orthorhombic 
Monoclinic 
Triclinic 

⎧
⎪⎨

⎪⎩

ν12ν21 < 1
ν12ν21 + ν13ν31+

ν23ν32 + 2ν21ν32ν13 < 1  

νmaxνmin < 1  βA = βmax
L + βmin

L > − 1 /(4E3)
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− x2 plane become βL = (1 − ν12 − ν13) /E1 and βA = 2(1 − ν12 − ν13) /E1, respectively. The minimum values of βL and βA are deter-
mined by the bounds on the in-plane Poisson’s ratios, as shown in Eqs. (7) and (10). When ν12 approaches 1 − E1/(8E3) and ν13 ap-
proaches E1/(4E3), βL and βA reach their lower bounds, which are − 1/(8E3) and − 1/(4E3), respectively. 

Note that the in-plane linear compressibility in these crystal systems is isotropic (one-half of the area compressibility). The bounds 
on the in-plane Poisson’s ratios and the in-plane linear and area compressibilities of tetragonal, trigonal, and hexagonal crystals are 
summarized in Table 1 and Fig. 2a. 

(2) Orthorhombic, monoclinic, and triclinic crystals 
The components of the compliance tensor related to s11, s22, s33, s12, s23, and s13 have no symmetry-dependent relationships in 

orthorhombic, monoclinic, and triclinic crystals. Thus, the restrictions on the in-plane and out-of-plane Poisson’s ratios are determined 
by Eqs. (2) and (3). For the case that the maximum in-plane Poisson’s ratio νmax is obtained at the rotated x1 − x2 plane, we denote νmax 

= ν12 and ν′

max = ν21. According to Eq. (2), we obtain that νmaxν′

max < 1. Similarly, for the minimum in-plane Poisson’s ratio, we have 
νminν′

min < 1. If νmax is positive, νminνmax ≤ ν′

maxνmax < 1 because the condition νmin ≤ ν′

max must be satisfied. If νmax is non-positive, νmin 

must also be non-positive. Given that ν′

min ≤ νmax, we obtain νminνmax ≤ νminν′

min < 1. Eventually, the maximum and minimum in-plane 
Poisson’s ratios should satisfy νmaxνmin < 1. Although the Poisson’s ratios for 2D cellular materials were previously found to be un-
bounded in absolute magnitude (Gibson and Ashby, 1999; Gibson et al., 1982), this additional limit (νmaxνmin < 1) on the in-plane 
Poisson’s ratios for SCs was not described. 

The region bounded by Eqs. (2)–(5) exhibit negative in-plane linear and area compressibilities, as shown in Fig. 2(b). To investigate 
the minimum negative area compressibility, a constrained optimization problem (min f(ν12, ν13, ν23) = βA ⋅ E3 s.t. ν12ν21 < 1 and ν12ν21 

+ ν13ν31 + ν23ν32 + 2ν21ν32ν13 < 1) is solved, and it is found that the linear and area compressibilities should satisfy βA = βmax
L + βmin

L 

> − 1 /(4E3), as summarized in Table 1. Notably, the bounds on the area compressibilities of SCs are independent on the crystal 
systems, and hence it can be generalized for all materials with positive-definite elastic tensors. 

2.2. Data-driven verification 

To verify the predicted bounds on the in-plane Poisson’s ratios and the in-plane linear and area compressibilities for SCs, elastic 
tensors were generated by a numerical procedure in the framework of elasticity constraints (see Appendix A for details). Considering 
the anisotropic nature of SCs, we calculated the maximum and minimum in-plane Poisson’s ratios and the in-plane linear and area 
compressibilities for these numerically generated elastic tensors. The results are shown in Fig. 3(a) and Fig. 4(a, d) for SCs from 
different crystal systems, which show that the numerical data agree with the theoretical bounds for each crystal system. 

To further verify the predictions of the bounds on the in-plane Poisson’s ratios and the in-plane linear and area compressibilities for 
SCs, we compared the predictions with results obtained from experimentally determined and first principles calculated elastic tensors 
for 2D and 3D SCs. First, we did a literature survey, and the maximum and minimum in-plane Poisson’s ratios for typical 2D SCs are 
summarized in Table 3. Most of the surveyed 2D SCs have hexagonal lattices, and thus the in-plane Poisson’s ratios in all directions are 
equal (νmin = νmax). The lowest value for the in-plane Poisson’s ratio for a 2D SC was found for a MXene (Mo2C, − 0.15), while the 
highest value was for α-graphyne (+0.87). These extreme values for hexagonal sheets fall within the predicted bounds (− 1, 1). In 
addition, the in-plane Poisson’s ratios for 2D SCs in other crystal systems of Table 3 also fall in the theoretical bounds. Notably, Cabras 
and Brun (2014) proposed hexagonal, triangular and square honeycomb structures with a Poisson’s ratio approaching the thermo-
dynamic limit of − 1. The underlying physics is a macroscopic non-chiral effect arising from the superposition of clockwise and 
anticlockwise internal rotations. For comparison, the dominant deformation mechanism of classical honeycomb structures is by 
extension and bending. For example, as analyzed by Gibson and Ashby (1999), Gibson et al. (1982), the effective behavior of hon-
eycombs with hexagonal lattices is dominated by cell-wall bending. Afterwards, using the computational 2D materials database (C2DB, 
https://cmr.fysik.dtu.dk/) of elastic tensors for 2D SCs from density functional theory (DFT) calculations (Haastrup et al., 2018), the 
materials project database (MPDB, https://materialsproject.org/) of elastic tensors for 3D SCs from DFT calculations (de Jong et al., 
2015), and the database of experimentally measured elastic tensors for 3D SCs (Every and McCurdy, 1992), Fig. 3(b–d) compares the 
theoretical bounds on the in-plane Poisson’s ratios with the minimum and maximum in-plane Poisson’s ratios calculated from elastic 
tensors from DFT calculations for 2D SCs, elastic tensors from DFT calculations for 3D SCs, and measured elastic tensors for 3D SCs. 
These results show that the bounds of maximum and minimum in-plane Poisson’s ratios for 2D SCs and 3D SCs from both calculations 
and experiments agree well with their predicted bounds. Similar to the in-plane Poisson’s ratios, the bounds of maximum and min-
imum in-plane linear and in-plane area compressibilities for SCs (from both first principles calculations and experiments) agree well 

Table 2 
Theoretical bounds on the in-plane Poisson’s ratios of 2D SCs in different crystal 
systems.  

Crystal system Bounds on the in-plane Poisson’s ratios 

Hexagonal 
Trigonal 

− 1 < νmax = νmin < 1  

Square − 1 < νmin ≤ νmax < 1  
(Centered) Rectangular 

Oblique 
νmaxνmin < 1   
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Fig. 2. Theoretical bounds on the Poisson’s ratios of SCs of (a) hexagonal, trigonal, and tetragonal crystals and (b) orthorhombic, monoclinic, and 
triclinic crystals. The regions bounded by the red and blue surfaces represent the permissible range of the Poisson’s ratios, while the in-plane 
negative linear and area compressibilities are obtained when the Poisson’s ratios locate in the blue region. (For interpretation of the references 
to color in this figure legend, the reader is referred to the web version of this article.) 

Fig. 3. Bounds on the maximum and minimum in-plane Poisson’s ratios calculated from (a) numerically generated elastic tensors for 3D SCs, (b) 
elastic tensors from first principles calculations for 2D SCs, (c) elastic tensors from first principles calculations for 3D SCs, and (d) experimentally 
measured elastic tensors for 3D SCs. The dashed lines represent the theoretical bounds on the in-plane Poisson’s ratios. 

E. Gao et al.                                                                                                                                                                                                            



Journal of the Mechanics and Physics of Solids 152 (2021) 104409

7

Fig. 4. For hexagonal (orange triangles), trigonal (purple triangles), tetragonal (green triangles), orthorhombic (red dots), monoclinic (gray 
squares), and triclinic (light blue squares) 3D SCs, the dependence of the maximum in-plane linear compressibility (a-c) and the in-plane area 
compressibility (d-f) on the minimum in-plane linear compressibility, where the compressibilities are made non-dimensional by multiplying them by 
E3. These results are from (a, d) numerically generated elastic tensors, (b, e) elastic tensors from first principles calculations, and (c, f) experi-
mentally measured elastic tensors for SCs. The dashed lines and the insets (magnified views of the main figures) show the predicted lower limits on 
the in-plane linear and area compressibilities. (For interpretation of the references to color in this figure legend, the reader is referred to the web 
version of this article.) 
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their predicted bounds [Fig. 4(a–f)]. 
These bounds on the in-plane Poisson’s ratios and linear and area compressibilities for SCs provide guidelines for discovering new 

sheet structures having extreme mechanical behaviors for tuning functional properties. Three types of unusual mechanical properties 
are bounded for SCs based on the above-mentioned explorations (Figs. 3 and 4).  

(1) Ordinary sheets increase the sheet area within the plane when uniaxially stretched in any in-plane direction. However, Fig. 3 
shows that the in-plane Poisson’s ratios for some SCs with orthorhombic, monoclinic, triclinic lattices exceed 1, indicating that 
the area within the plane decreases during an in-plane stretch for directions having such large in-plane Poisson’s ratios. The 
existence of SCs with unusually large Poisson’s ratios means that sheets can be obtained whose in-plane area either decreases 
with increasing stretch or is stretch invariant. The latter possibility arises for any stretch-area-densified SCs, because there must 
exist a family of in-plane directions in which the in-plane Poisson’s ratio equals 1.  

(2) Ordinary materials decrease density when uniaxially stretched in any in-plane direction. A few rare materials, called stretch- 
densified materials, have directions of negative linear compressibilities in which stretch increases density, while compres-
sion decreases it. Similar to the above mentioned area densified properties, the existence of SCs with negative linear 
compressibility means that sheets can be obtained whose density either increase with increasing stretch or is stretch invariant. 
The latter possibility arises for any stretch densified SCs, since there must exist a family of in-plane directions in which the linear 
compressibility vanishes. Table 1 shows that the lower bounds on the linear compressibilities are − 1 /(8E3) for hexagonal, 
trigonal, and tetragonal SCs, while there are no bounds on the linear compressibilities for orthorhombic, monoclinic, and 
triclinic SCs. These conclusions are supported by both calculations and experiments (Fig. 4). It means that the density can be 
dramatically increased for orthorhombic, monoclinic, triclinic SCs when the stretch is along the direction of an extremely 
negative linear compressibility.  

(3) Ordinary materials decrease the area within all planes when hydrostatically compressed. A few SCs exhibit the reverse behavior 
− the in-plane area increases when hydrostatically compressed. The theory predicts that the lower bound on the area 
compressibility for SCs of any lattices is − 1 /(4E3). Fig. 4 shows that there are some SCs, from both calculations and experi-
ments, that approach the bounds, indicating the predicted extreme behaviors exist in real materials. 

These unusual properties of materials, for example, that decrease planar area when stretched, and increase planar area when 
hydrostatically compressed may be used for some very special applications, for example, high pressure sensors (Baughman et al., 1998; 

Table 3 
Maximum and minimum in-plane Poisson’s ratio for typical 2D SCs.  

Material Crystal systems νmax νmin Refs 

Mxene (Ti3C2Tx) hexagonal 0.227 0.227 (Fu et al., 2016) (calculations) 
Mxene (Ti2CO2) hexagonal 0.312 0.312 (Khaledialidusti et al., 2020) (calculations) 
Mxene (Ti3C2O2) hexagonal 0.304 0.304 (Khaledialidusti et al., 2020) (calculations) 
Mxene (Mo2C) hexagonal − 0.15 − 0.15 (Mortazavi et al., 2017) (calculations) 
graphene hexagonal 0.15 0.15 (Gao and Xu, 2015) (calculations) 
α-graphyne hexagonal 0.87 0.87 (A.R. Puigdollers et al., 2016) (calculations) 
β-graphyne hexagonal 0.67 0.67 (A.R. Puigdollers et al., 2016) (calculations) 
γ-graphyne hexagonal 0.42 0.42 (A.R. Puigdollers et al., 2016) (calculations) 
h-BN hexagonal 0.21 0.21 (Gao and Xu, 2015) (calculations) 
MoS2 hexagonal 0.30 0.30 (Gao and Xu, 2015) (calculations) 
2D Silica hexagonal 0.50 0.50 (Gao et al., 2016) (calculations) 
Silicene hexagonal 0.28 0.28 (Gao and Xu, 2015) (calculations) 
2D hexagonal lattice hexagonal – − 1 (Cabras and Brun, 2014) (theory & exp.) 
2D triangular lattice trigonal – − 1 (Cabras and Brun, 2014)(theory & exp.) 
2D square lattice square – − 1 (Cabras and Brun, 2014) (theory & exp.) 
Penta-graphene square 0.068 0.068 (Zhang et al., 2015) (calculations) 
Borophene rectangular − 0.02 − 0.04 (Mannix et al., 2015) (calculations) 
δ-P rectangular 0.29 − 0.27 (Wang et al., 2017) (calculations)  

Fig. 5. Schematic illustration of the progressively restricted bounds on the Poisson’s ratios for 3D anisotropic materials and 3D isotropic materials, 
and the bounds on the in-plane Poisson’s ratios for SCs in different crystal systems. 
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Greaves et al., 2011; Huang and Chen, 2016). The bounds on the in-plane Poisson’s ratios and linear and area compressibilities provide 
a reference line for discovering new SCs having extreme mechanical properties for advanced engineering applications. 

3. Concluding remarks 

It has been long known that the general bounds on Poisson’s ratios for 3D isotropic and anisotropic materials are (− 1, 1/2) and (-∞, 
+∞), respectively, and the Poisson’s ratios for 2D isotropic materials can be higher than 1/2. However, previous work has not 
considered the effect of crystal symmetry on the allowable Poisson’s ratios for the sheet planes of SCs. To fill this gap, this work 
analyzed all types of 3D and 2D SCs and demarcated the bounds on the in-plane Poisson’s ratios and the linear and area compress-
ibilities for SCs in each specific crystal system. As illustrated in Fig. 5, the reduced dimensionality in SCs narrows the permitted bounds 
on the properties in the sheet planes, which is significantly different from the general bounds for 3D anisotropic materials, because the 
in-plane properties are confined in a 2D space. The increase of the in-plane symmetry of SCs introduces constraints to the in-plane 
properties, which also narrows the permitted bounds on the in-plane Poisson’s ratios and linear and area compressibilities. The 
bounds on Poisson’s ratios for 3D and 2D materials given in the literature are typically derived exclusively based on theory of elasticity. 
Considering the requirement of material chemical stability, whether these bounds can be achieved by real materials is questionable. 
For example, although Young’s moduli of materials are unbounded if only considering positive-definiteness of the elastic moduli, the 
upper bound on the Young’s moduli for real bulk materials never exceeds 2000 GPa (the already-known highest Young’s modulus for 
bulk crystals is 1555 GPa for CN2) (Shao et al., 2021). To address this concern, this work has investigated a large number of extreme 
Poisson’s ratios of real materials from first principles calculations and experimental measurements to verify their theoretical bounds, 
which indicates that many predicted extreme behaviors of Poisson’s ratios do exist in real materials (Fig. 3). 

In summary, we predicted the bounds on the in-plane Poisson’s ratios and linear and area compressibilities for SCs. The predictions 
are well supported for numerically generated elastic tensors, first principles calculated elastic tensors, and experimentally measured 
elastic tensors for SCs. Based on the developed bounds, extreme and unusual mechanical properties of SCs are discussed for some useful 
applications. These findings presented in this work for in-plane Poisson’s ratios and the in-plane linear and area compressibilities for 
SCs, provide fundamental guidelines for the design, fabrication, and applications of SCs with extreme and unusual mechanical 
properties. 
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Appendix A 

Method used for numerically generating the elastic tensors 

The elastic tensors were randomly generated using two constraints. The first constraint is that the number of independent elastic 
constants and the generated tensor must be consistent with the general form of the elastic tensor for each crystal system. The second 
constraint is that the generated elastic tensor must be positive definite. Herein, the first constraint is only related to the symmetry of 
crystals, and the second one corresponds to the requirement of mechanical stability. Using a hexagonal crystal as an example, the 
numerical procedure deployed for generating elastic tensors is as follows: 

Step 1: According to the symmetry of the hexagonal crystal, we randomly generated 104 stiffness matrices having the following 
form: 
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⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

C11 C12 C13 0 0 0

C12 C11 C13 0 0 0

C13 C13 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C44 0

0 0 0 0 0
C11 − C12

2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Step 2: For each matrix, we calculated its eigenvalues. Only those matrices whose eigenvalues are all positive were retained and 
considered as possible elastic tensors. 

Step 3: The elastic matrices were rotated along the x3-axis, to calculate the maximum and minimum in-plane Poisson’s ratios and 
in-plane linear and area compressibilities. 
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